EMBEDDINGS OF FIELDS INTO SIMPLE ALGEBRAS: 
GENERALIZATIONS AND APPLICATIONS 



CHIA-FU YU 



Abstract. For two semi-simple algebras A and B over an arbitrary ground 
field F, we give a numerical criterion when Homf'_aig(j4, the set of F- 
algebra homomorphisms between them, is non-empty. We also determine when 
the orbit set B^\ }lomp_^ig{A, B) is finite and give an explicit formula for its 
cardinality. A few applications of main results are given. 



1. Introduction 

Semi-simple algebras are the most fundamental objects in the non-commutative 
ring theory. They also serve as a useful tool for studying some basic objects in 
algebraic geometry and number theory such as abelian varieties, Drinfeld modules, 
or elliptic sheaves those form a semi-simple category. While studying objects X as 
above with extra symmetries, one considers objects X together with an additional 
structure i : A ^ End(X) ® Q on X by a semi-simple algebra A. This leads to a 
general question when a homomorphism exists from a given semi-simple algebra to 
another one. 

We let F denote the ground field. Suppose A is a (finite-dimensional) central 
simple algebra over F, and K a finite field extension of F. In what condition does 
there exist an F-algebra embedding of K into Al The following well-known result 
answers this question; see [4, 13.3 Theorem and Corollary, p. 241]. 



Theorem 1.1. Assume that [K : F] = \/[A : F]. Then there is an embedding of 
K into A as F -algebras if and only if K splits A, i.e. A®p K is a matrix algebra 
over K. In this case, K is isomorphic to a strictly maximal subfield of A. 

Note that any i^-algebra homomorphism from K to A is an embedding. In this 
paper we consider the following general problem of embedding of a semi-simple 
algebra into another one: 

(PI) Let A and B be two semi-simple F-algebras. Find a necessary and suffi- 
cient condition for them such that there is an embedding or a homomorphism of 
F-algebras from A into B. 

Let Homi?_aig(A, i?) denote the set of all i^-algebra homomorphisms from A 
into B, and let lA.om*p_^\^{A^B) C IIomF-aig(^, B) denote the subset consisting of 
embeddings. Problem (PI) asks when the set Homi?_aig(A, _B) or HomJ, (A, i?) 
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is non-empty. For an F-algebra A, denote by rad(A) the Jacobson radical of A 
and A*'' yl/rad(A) the maximal semi-simple quotient of A. Denote by A° the 
opposite algebra of A. If A is semi-simple, then one can write 

s 

[]Mat„,(A), 

i=l 

where Di are division algebras over F, which is also called the Wedderburn decom- 
position of A. 

One of om main theorems is the following, which solves Problem (PI). 

Theorem 1.2 fTheorem 12. 5p . Let A and B he two semi-simple F-algebras. We 
realize B as Y[j=i^^'^'^j(^j)' where Aj is a division F -algebra and Vj is a right 
A j -module for each j . Write A — Yit^i ^'^^^ product of simple F-algebras. 
(1) For each j , write the maximal semi-simple quotient 

tj 

(A, ®F A°Y' = [| Mat„^.,(7^,fc) 
fc=i 

of Aj ®p A° as the product of simple factors ( the Wedderburn decomposi- 
tion). Then the set }lomp_aig{A, B) is non-empty if and only if there are 
non-negative integers Xjk for j = 1, . . . , r and k — I, . . . ^tj such that 

(^) X]fc=i ^jk — diniAj Vj for all j, and 
(b) for all j, k, one has 

mjk[Djk ■ F] 



Xjk- 



[A, : F] 

(2) For each j, i, write the maximal semi-simple quotient 



(A, ®F A°y' = n Mat„^.Ji?j,fe) 



k=l 

of Aj ®F A° as the product of simple factors. Then the set 'iiom*p_^ig{A, B) 
is non-empty if and only if there are non-negative integers Xjik for j = 
l,...,r, i — l,...,s and k = 1, . . . ^tji such that 

(a) J2i.k ^Jik = diniAj Vj for all j, 

(b) for all j,i,k, one has 

mjik[Djik : F] 



and 



[A, : F] 

(c) for all i, the sum ^ Xjik is positive. 

Theorem 11.21 provides a numerical criterion for the problem (PI). However, it 
still looks technical. In the special case when i? is a central simple algebra over F, 
the criterion in Theorem 11.21 can be simplified as follows (This form will be used 
for applications): 

Theorem 1.3 (Theorem 12. 7p . Let B = Mat„(A) be a central simple algebra of F, 
where A is the division part of B. Let A — Yll^i o, semi-simple F-algebra 

and let Ki be the center of A^ for each i. Then there is an embedding from the 
F-algebra A into B if and only if there are positive integers Ui for i — 1, . . . , s such 
that 
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(1.1) n = ^ni, and [Ai : F] \ mci, Vi = l,...,s, 

where Ci the capacity of the central simple algebra A ®i? Ai° over Ki. 

Recall (IZJ p. 179], also see Definition 12. 6p that the capacity of a central simple 
algebra A is the number c so that A ~ Matc(-D), where D is a division algebra, 
also called the division part of A. 

The problem (PI) does not seem to be studied in this generality in the liter- 
ature. The only related result we know was obtained by Chuard-Koulmann and 
Morales [1], who studied, among other things, the embeddability of a Frobenius 
algebra A into a central simple algebra B with the condition [A : F] = deg(_B). 
The overlap with [T] is a consequence (Corollary of Theorem 11.31 where A is a 
commutative etale F-algebra and [A : F] = deg(i3) (and B is still central simple). 
Two approaches of studying embeddings of algebras are different. As we also need 
to deal with non-separable algebras, the method of Galois cohomology is not ap- 
plicable in our situation. 

The second part of this paper studies how many "essentially different" F-algebra 
homomorphisms there are from A into B. There are two natural notions of equiv- 
alence relations: 

(1) Two F-algebra homomorphisms ipi,ip2 : A ^ B are said to be equivalent 
if there is an element b G B^ such that ip2 = Int(6) o ipi. That is, 952(a) — 
bipi{a) b~^ for all a & A. 

(2) Two F-algebra homomorphism (pi,(p2 A B are said to be weakly equiva- 
lent if there is an F-automorphism a G Ant p{B) of B such that ip2 = aoipi. 

So the problem simply becomes asking for the size of the orbit set B^ \ Homi?_aig(A, B) 
or the orbit set Auti?(i3)\ Homi?_aig(A, _B), where the groups B^ and Kni f{B) act 
naturally on the set Homi?_aig(A, i?) from the left. In this paper we consider the 
equivalence relation defined in (1). Put 

Oa,b :=B^\Homj^_aig(A,B). 

(P2) Is the orbit set Oa,b finite? If so, then what is its cardinality IOa.bI? 

Results toward this direction may be viewed as the generalization of the Noether- 
Skolem theorem. In [5] F. Pop and H. Pop showed that the orbit set Oa,b is finite 
when B is separable over F. Recall j7j p. 101] that an F-algebra is said to be 
separable over F if it is semi-simple and its center Z is etale over _F, i.e. Z is 
a finite product of finite separable field extensions of F . The second main result 
of this paper solves the problem (P2) completely. The answer turns out to be 
negative in general; the finiteness of the orbit set is encoded in the Kahler modules 
of the center oi A®p B. We give a necessary and sufficient condition for A and B 
so that the orbit set Oa,b is finite. In addition, we compute the precise number of 
\Oa,b\ when A or B is separable over F (a upper bound for jO^.s! is given in [S] 
when B is separable). 

We now state the explicit result for Oa,b- We may assume that B is simple; 
indeed if i? = 11^=1 is semi-simple, where Bj^s, are simple factors, then one has 
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Oa.b — Y[j=i ^A,Bj- Write B — Mat„(A), where A is a division algebra over F. 
Write the maximal semi-simple quotient of A A° into the product of simple 
factors: 

t 

(1.2) (A®j.A°)^^ ~[]Mat™,(A), 

1=1 

where Di is a division algebra. We show (Proposition [231) that the algebra A®pA° 
has the following form 

t 

(1.3) A®F A° ~]jMat,„^(A), 

i=l 

where Di is an Artinian F-algebra whose maximal semi-simple quotient is equal to 
Di. Put Ri := Z{Di) and Zi :— Z{Di) — (Ri)^'^ . Let Tn_R. be the maximal ideal of 
Ril one has Zi = Ri/ma-. Since there is an embedding from A into Matmi{Di), 
one has [A : F] \ m^[D, : F]. Put 

(1.4) i,:^m,[D,:F]/[A:F]eN, 
and 

t 

(1.5) P{A,B):^{{xu.-.,Xt)eZio I dimA F = ^ ^.x, }. 

i=i 

Theorem 1.4 fTheorem l3.6l) . Let A be a semi-simple F-algebra and B = Mat„(A) 
a simple F-algebra. Let Di, Di, Ri, Zi and P(A,B) be as above. 

(1) The orbit set Oa.b is infinite if and only if there is an element [xi, . . . , Xt) G 
P{A, B) such that 

(1.6) dim^i mRjm\. > 2 and Xi > 2 

for some i £ {1,...,^}. 

(2) Suppose the orbit set Oa,b is finite, that is, for every element (xi, . . . ,Xt) S 
P{A, B), one has either dim^^ mi^./m|j. <\ or Xi <1 for alii £ {1, ... , t}. 
Then we have the formula 

t 

\Oa,b\^ []|Mod(A,x,)|, 

ixi,...,Xt)eP(.A,B) i=l 

where M.od{Di,Xi) is the set of isomorphism classes of Di-modules W with 
length = Xi. The cardinality \Mod{Di, Xi)\ is given by the following 
formula: 



(1.7) |Mod(A:,a;^)| = 



1 ifxi< 1, 

p{xi,ei) if Xi > 1 and dim^^ mR./mj^. = 1 

where Ci is the smallest positive integer such that m^. — 0, and p{x,e) 
denotes of number of all partitions x = Ci + ■ ■ ■ + Cs of x with each part 
a < e. 

In the remaining part of this paper we give a few applications of main results. We 
analyze the problem of the local to global principle for the algebra embeddings over 
global fields. More precisely, let A be a central simple algebra over a global field F 
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and K a finite field extension of F with degree k = [K : F] dividing deg(yl.), the 
degree of A. Can the problem of the embedding of K into A (i.e. Homi?_aig(i^, A) 
0) be checked locally? It turns out that there are many examples so that the Hasse 
principle for embedding K in A does not hold. That is, the condition Hom(if (E)p 
Fy,A<^p Fy) for all places v may not imply that llomp_aig{K , A) ^ 0. 

Proposition 1.5. Let K be any finite separable field extension of F of degree fc > 1. 
Let 5 = p"^ • • •p"'' be a positive integer divisible by at least two primes, i.e. r > 2, 
with k I 6. Assume that k < S/p"^ for all i ~ l,...,r. Then there is a central 
division algebra A over F of degree S such that the local-to- global principle for an 
embedding of K in A fails. 

See § 14.41 for the construction of such central division algebras A. This is the 
first example for the failure of the Hasse principle of embeddings fields in central 
simple algebras. Furthermore, we give a necessary and sufficient condition for a 
pair {K, A) so that the Hasse principle in question holds. We associate to each pair 
{K, A) an element 

X = (x^)^evic e Q/Z 

as follows, where and denote the set of all places of K and F, respectively. 
Put 

c(A,) • gcd{k^,dy) 

"""" ■ [K^] ^ 

and let x^, be the class of x^, in Q/Z, where 

• Ay := A^pFy and c{Ay) denotes the capacity of the central simple algebra 
Av, where v is the place of F below w, 

• is the completion of K at w and k^ := [K^ '. Fy], and 

• dy is the index of the algebra Ay . 

Theorem 1.6. Notations as above. Then there is an embedding of K into A over 
F if and only if there is an embedding of Ky :— K ®p Fy into Ay over Fy for all 
V g and the element x vanishes. 

Theorem 11.61 states that the element x is the only obstruction for the Hasse 
principle for an embedding of K in A. This can be used to study the Hasse principle 
for families of embeddings of fields in central simple algebras. For example, if S — p" 
for n = 1,2,3, where p is a prime number, then for any central simple algebra A of 
degree S and any finite field extension K with [if : i^] \ S, then the Hasse principle 
in question for K and A holds. One can also show that this is optimal. That is, if 
5 is not of this form, then there exist a central simple algebra A of degree 6 and 
a finite separable field extension K with [if : F] | (5 such that the corresponding 
Hasse principle fails. We refer the reader to [S] for details. 

Another applications are the determination of endomorphism algebras of abelian 
surfaces with quaternion algebras and the determination of characteristic polyno- 
mials of central simple algebras; see Section for details. 

The paper is organized as follows. In Section 2 we determine when there is 
an algebra homomorphism between two given semi-simple algebras over a field in 
terms of numerical invariants. Section 3 treats the set of equivalence classes of 
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honiomorphisms. We give a necessary and sufficient condition when this set is 
finite, and when this set is finite, we determine precisely its cardinahty. In Section 
4, we give a few apphcations of general reults obtained in Sections 2 and 3. 

2. The existence of i^-ALGEBRA HOMOMORPHISMS 

2.1. Setting. Let F denote the ground field, which is arbitrary in this and next 
sections. All i^-algebras in this paper are assumed to be finite-dimensional as F- 
vector spaces. As the standard convention, an i^-algebra homomorphism between 
two i^-algebras is a ring homomorphism over F, which particularly sends the iden- 
tity to the identity. For the convenience of discussion, we introduce the following 
basic notion. 

Definition 2.1. Let V he a, finite-dimensional vector space over F, and A an 
(finite-dimensional) arbitrary F-algebra. We say that V is A-modulable if there is 
a right (or left) A-module structure on V . If B is any F-subalgebra of A and V is 
already a right (resp. left) _B-module, then by saying V is A-modulable we mean 
that the right (resp. left) A-module structure on V is required to be compatible 
with the underlying i?-module structure on V . 

Theorem 2.2. Let A and B be two semi-simple F-algebras. We realize B as 
Y['j=i EndAj (Vj), where Aj is a division F-algebra and Vj is a right Aj-module for 
each j. Write A — Y[i=i ^'^^'^ simple factors as F-algebras. 

(1) The set Homp. aig{A, B) is non-empty if and only if for each j = 1, . . . , r, 
there is a decomposition of Vj 

into Aj-subspaces such that the Aj -vector space Vji is Aj ®p A°-modulable 
for i — \, . . . , s, where A° denotes the opposite algebra of Ai. 

(2) The set Hom^_^;jj(yl, B) is non-empty if and only if in addition each direct 
sum (Bj^iVji is non-zero for i ~ 1, . . . , s. 

Proof. Suppose we have a homomorphism ip : A ~^ B oi F-algebras, then 
we have a Aj-linear action of A on Vj for each j — 1, . . . ,r. The decomposition 
A — Hi^i gives a decomposition of Vj 

Vj ^Vjl®---®Vjs, 

where each Vji is a (A^, Aj)-bimodule or a right Aj ®f v4°-module. If ip is an 
embedding, then for each i at least one of Vji for j — 1, . . . , r is non-zero. Therefore, 
the direct sum ®jVji is non-zero. Conversely, suppose that we are given such a 
decomposition with these properties. Then we have a Aj-linear action of A on each 
vector space Vj] this gives an _F-algebra homomorphism ip : A ^ B. Moreover, 
suppose that each direct sum (S^^iVji is non-zero. Then the map restricted to Ai 
is injective for each i. Therefore, (p is an embedding. This proves the theorem. | 

2.2. Tensor products of two semi-simple algebras. According to Theorem l2.2l 
we shall need to determine whether a vector space is A i?-modulable for semi- 
simple algebras A and B. When A and B are separable F-algebras, the tensor 
product A(SiF B is again separable [3 7.19 Corollary, p. 101]. However, the tensor 
product A®p B of two semi-simple algebras A and B needs not to be semi-simple. 
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The structure oi A(E)f B seems not be well-studied in the literature when both A 
and B are not separable F-algebras. 

Proposition 2.3. Let A and B be two semi-simple F-algehras. Let 

t 

{A®F S)^^ ~[|Mat„.(A) 

1=1 

he the Wedderburn decomposition of the maximal semi-simple quotient [AfEipBy^. 
Then the F-algebra A^p B is isomorphic to Y[l=i Matm;(Di) for some Artinian 
F-algehras Di with {DiY^ ~ Di. 

Proof. Write ^ = Hi ^"^^ ^ = Ilj ™to simple factors. Then A^p B 
Hi j -^i ®F Bj. Therefore, without loss of generality we may assume that A and B 
are simple. Let K and Z be the center of A and B, respectively. Since K ®p Z is a 
commutative Artinian _F-algebra, it is isomorphic to the product Y[l=i "^^ some 
local Artinian F-algebra Ri . Each Ri is a both if -algebra and Z-algebra. We have 

t 

(2.1) Ai^p B ~ Ai^K {K (»p Z) (»z B c^Yl^'^K Rif^z B. 

1=1 

Let R be one of Ri, and let m be the maximal ideal of R and Z' := R/m = (i?)"'' 
be the residue field. Put C A ®k R ®z B. Since A and B are respective central 
simple K and Z-algebras, the map I i-^ A (g) I (E) B gives a bijection between the 
set of (2-sided) ideals of R and that of C. In particular, rad(C) = A (g) m (8) B. Put 
C := C/rad(C). One has 

C -.^^ A(g)K Z' (g}z B ^ Matm{D), 

where Z) is a central division Z'-algebra. 

Let {eij} C C be the standard basis for Matm(Z?) over D; one has Cijeki = 
SjkCii for 1 < i,j,k,l < m. By 7, (6.19) Theorem, p. 86], there exist orthogonal 
idempotents en, . . . , emm G C such that en = en for all i and 1 — en + ■••-!- emm- 
For i = 1, ... ,m — 1, choose an element e^^i+i G euCci^i^i+i with e^^i+i = eij+i- 
The right multiplication by e^^^+i (denoted by e^.i+i again) is a lift of the right 
multiplication by ei,i+i : Ceu ~ Cei+i.^+i. By [7, (6.18) Theorem, p. 85], the map 

is a C-linear isomorphism. Let ei+i.; G ei+i^i+iCen be an element such that the 
right multiplication by ei+i,i is the inverse map of the map ei.i+i : Ceu Ce^+i^i+i. 
One thus has e^^i+ie^+i^i = eu and ei+i^.^e^^i+i = e^+y+i. For i < j, define 
Gij := ei,i+i . . . ej_i J- and Cji :— e^j^i . . . e^+i.i. Put D :— enCen. As a left 
Z?-module, C is generated by {e^} and it is easy to check that CijCki = SjkCu for 
1 ^ hj, k,l < m. This shows that C ~ Matm(£'). This completes the proof of the 
proposition. | 

Lemma 2.4. Let D he a division algebra over a field F and D he an Artinian 
F-algehra with maximal semi-simple quotient {Oy^ — D. Then an F-vector space 
V is D-modulable if and only if 

[D -.FW dimF V. 
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Proof. If F is a IJ-module, then there exists a filtration of Z?-submodules := 
{ra.d{D)yV. Each graded piece V^/V^'^^ is a D-module, and hence 

[D:F]\ dimpV/V'+K 

Since dim^y — ^ ■ dinii? V^YF*+^, one has [D : F] \ dimpV. Conversely, if 
F is a Z?-niodule, then it is also a Z?-niodule by the inflation. The condition 
[D : F] \ dimp V implies the a Z?- module structure on V exists. This completes the 
proof of the lemma. | 

Now we are ready to prove our first main theorem. 

Theorem 2.5. Let notations be as in Theorem \2.Sl 

(1) For each j , write the maximal semi-simple quotient 

(A, ®p A°y' = II Ma.tra^,{D,k) 

k=l 

of Aj(E)pA° as the product of simple factors. Then the set }iomp_aig{A, B) is 
non-empty if and only if there are non-negative integers Xjk for j ~ 1, . . . ,r 
and k = 1, . . . ,tj such that 

(^) X]fc=i ^jk — dimAj Vj for all j, and 
(b) for all j, k, one has 

mjk[Djk ■ F] 



[A, : F] 

(2) For each j, i, write the maximal semi-simple quotient 

k=l 

of Aj ®p A° as the product of simple factors. Then the set 'iiom*p_^ig{A, B) 
is non-empty if and only if there are non-negative integers Xjik for j = 
l,...,r, i — l,...,s and k — I, . . . ,tji such that 

i^) J2i,k ^jik = diniAj Vj for all j, 

(b) for all j,i,k, one has 

jik \F^ iik • F'\ 

Xjik, and 



[A, : F] 

(c) for all i, the sum f. Xjik is positive. 

Proof. (1) By Proposition 12. 3[ we have 

*i 

(Aj- ®p A°) = Yl Matrn^,{Djk) 
fc=i 

for some Artinian F-algebras Djk with {DjkY'^ = Djk. By Theorem 12.21 the set 
HomF_aig(A, B) is non-empty if and only if Vj is Aj (g) A°-modulable for all j. In 
this case there is a decomposition of Aj-submodules of Vj, 

tj 

k=l 
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such that each Vjk is Matm^j. (£'jfe)-niodulable. This is equivalent to, by Lemnia[23J 
that TOjfe[Z3ji. : F] \ dim^ Vjk- Put Xj^ diniAj Vjk- Then the integers Xjk satisfy 
the conditions (a) and (b). 

(2) By Proposition 12. 3[ for each i and j we have 

fe=i 

for some Artinian F-algebras Djik with {DjiuY^ = Djik- Then as in (1) for each 
j we have a decomposition Vj = ®i,kVjik of Aj-submodules so that each Vjik is a 
Matmj.^ (Z?jife)-module and their sum ®kVjik forms a right ® 74°-module. Put 
Xjik := dimAj(Vjife). As in (1), the integers Xjik satisfy the conditions (a) and 
(b). Furthermore, a homomorphism ip € Homi?_aig(^, -B) is injective if and only 
if each simple factor At acts faithfully on the linear spaces {Vjik}j,k- The latter 
is equivalent to the condition ^ Xjik > for all i — 1, . . . , s. This proves the 
theorem. | 

2.3. Special cases. We apply the general theorem fTheorem 12.51) to the special 
case where i? is a central simple F-algebra. Recall [7|i p. 179, p. 253] the following 
definition for central simple algebras. 

Definition 2.6. The degree, capacity, and index of a central simple algebra B over 
F are defined as 



deg(i?) := vOSTf], c(B):=m, i(B) := VfA^F], 

if i? = Matm(A), where A is a division algebra over F, which is uniquely determined 
by B up to isomorphism. The algebra A is also called the division part of B- 

Theorem 2.7. Let B = Mat„(A) be a central simple algebra of F, where A is the 
division part of B- Let A = Yll^i semi-simple F-algebra and let Ki be the 

center of Ai for each i- Then there is an embedding of the F-algebra A into B if 
and only if there are positive integers n.i for z = 1, . . . , s such that 

s 

(2.2) n = ^ni, and [Ai ■- F] \ Uid, V?: = l,...,s, 

1=1 

where Ci the capacity of the central simple algebra lS.®p A° over Ki . 
Proof. Write 

A (8)F ^- = (A ®F Ki) A° = Mate, (A) 

and we have 

(2.3) [^■-F][A■-F]=cj[Dr-F]- 

By Theorem 12. 5[ there exists an embedding of the F-algebra A to S if and only if 
there are positive integers Ui for i = 1, . . . , s such that n — X]i=i ^^'^ 

C^[D^ ■- F] 

[A--F] 

Using p.3p . the condition ()2.4|) is equivalent to [Ai : F]\niCi- This proves the 
theorem. ■ 



(2.4) 



Vz = 1, . . . , s. 
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We apply Theorem 12.71 to the case where the semi-simple algebra A = K is 
commutative and obtain the following well-known result (cf. [51 Proposition 2.6] 
and [3 Section 4]). 

Corollary 2.8. Let B = Mat„(A) be a central simple algebra over F and K = 
Wl^iKi is commutative semi-simple F -algebra. Assume that [K : F] — deg{B). 
Then there exists an embedding of K into A if and only if each Ki splits B. 

Proof. By Theorem 12. 7[ the F-algebra K can be embedded into B if and only 
if there are positive integers Ui for i = 1, . . . , s such that 

s 

(2.5) n = ^nj, and [Ki : F] \ n.,Ci, Vi = l,...,s, 

i=l 

where Ci = c(A (E)f Ki). We need to show that deg(A) = i.e. Ki splits A for all 
i. Since [K : F] — deg{B), we have 

[K:F]^ deg(B) = ^ deg(A) > ^ n,c, > ^[X. : F] = [K : F]. 

i i i 

It follows that Ci ~ deg(A) for each i. | 

3. F-ALGEBRA HOMOMORPHISMS 

In this section we shall find a necessary and sufficient condition for which the 
orbit set 

(3.1) :=B^\Hom;^.aig(A,S) 

is finite, where A and B are given semi-simple F-algebras. Then we determine the 
cardinality 10^,31 when it is finite. 

If we write B = 11^=1 i^to simple factors, then one has 

r 

(3.2) OAM = X{OAMr 

i=i 

Therefore, we may and do assume that B is simple. Write B — EndA(^), where 
A is a division algebra over F. Write 

t 

(3.3) A®fA°~ J|Mat™.(A) 

i=l 

as in Proposition 12.31 and put 

(3.4) A:=(A)'^ R^■.^Z{bi), Z,:=Z{D,) = {RiY\ 
Since there is an embedding of A into Mat,„. (D^), we have 

[A:F] I m,[D,:F]. 

Put 

(3.5) :=m,[A:F]/[A:F], 
and 

t 

(3.6) P(A,B) :={(xi,...,a:t) eZ*>o | diniA 1^ = ^ ^.x,}. 

1=1 
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By Theorem 12.51 the orbit set Oa,b is non-empty if and only if there is a decom- 
position V — ®iVi of A-submodules such that 

(3.7) dimA Vi = £iXi, for some non-negative integers Xi. 
or equivalently, the partition set P{A, B) is non-empty. 

Definition 3.1. Let D be a division algebra over F and D be an Artinian F- 
algebra with D"* = D. For any non-negative integer n, denote by Mod(£',n) the 
set of equivalent classes of Z3-modules W with length W ~ n. 

Note that length = n if and only if dimp W — n[D : F] (cf. Lemma [2^ . 

Lemma 3.2. Let (^1,(^2 G iiomp_aig{A,F,ndA{V)) be two maps. Let W^^'^ be the 
{A, A)-bimodule on V defined through Lpi fori — 1, 2. Then ipi and f2 are equivalent 
if and only ifW'--^^ and W^^^ are isomorphic as {A, A)-bimodules. 

Proof. If W'-^^ and T4^(2) 

are isomorphic, then there is a A-linear automorphism 
g : V ^ V such that the following diagram 

V V 

V V 

commutes for all a G A. Therefore, ip2 — Iiit((7) o tpi. Conversely, if we are given g 
such that tp2 = lnt{g)oipi^ then the map g : V ^ V is an {A, A)-linear isomorphisms 
from to Ty(2). | 

Equivalently, the condition in Lemma lS^ savs that W'^^^ and W'^^^ are isomorphic 
as right A (Sip A°-modules. 

Using Lemma [3?2] and the discussion above we obtain the following result. Note 
following from p.Sp and p.7p that Vi is a right Mat^i (-Di)-module with 

dimi? Vi — [Di : F]miXi. 

Using the Morita equivalence, the module Vi = VF®™' determines uniquely an 
element Wi £ Mod(A,Xi). 

Theorem 3.3. Notations being as above. There is a hijection between the orbit set 
Oa.b and 

t 

(3.8) [] []Mod(A,xO. 

{xi,...,Xt)<iP{A,B)i=l 

Theorem 13.31 tells us that 

(1) the orbit set Oa,b is non-empty if and only if so is the set P{A^ B)\ 

(2) the orbit set Oa,b is finite if and only if each set Mod(-Di, Xi) is finite for 
alH = 1, . . . , t and for all (xi, . . . , Xt) G P{A, B); 

(3) if Oa.b is finite, then 

t 

(3.9) \Oa,b\^ J2 Y[\Mod{D,,x,)\. 

ixi,...,Xt)ePiA,B) i=\ 
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It remains to determine when a set of the form Mod(£', a;) is finite, and to 
compute its cardinality |Mod(£', a;)| if it is so. By definition, one has |Mod(_D, 0)| = 
1. 

Proposition 3.4. Let D be a division algebra over F, and let D be an Artinian 
F-algebra with (Z?)**" — D. Let R := Z{D) and Z := R/xna be the residue field of 
R. 

(1) The set Mod(I), 1) is finite and \Mod{D, I)| = I.^ 

(2) // the ground field F is finite, then the set Mod(-D, x) is finite. 

(3) // mR = 0, then D = D and |Mod(5, a;) | = 1 . 

(4) Suppose dim^ mij/m|j = 1. Let e be the smallest positive integer such that 
m|j — 0. Then for any positive integer x, the set Mod(I?, x) is finite and 
|Mod(D, x)\ is equal to the number p{x, e) of partitions x — ci + ■ ■ ■ + Cr, 
for some r gN, of x with each part 1 < Ci < e. 

Proof. (1) It is clear. (2) This follows from the finiteness of 

Homj._aig(i?,Matc(F)) C Homj._ii„(5, Mate(i^)) = Mat^^^^^^, (^^), 

where c := [D : F]x. (3) It is clear. 

(4) Choose a generator tt G rriij; so that ttERgD,tt'^ = and D/ttD = D. 
Every finite D-module is isomorphic to 

i5/(7r=i) ® Dli-K"^) © • • ■ © D/i-n"-), for some r G N, 

where 1 < ci < • • • < Cr are integers with each Ci < e. The proof is similar to 
that for the classification of finite i^[7r]/(7r'^)-modules. We leave the details to the 
reader. This completes the proof of the proposition. | 

Proposition 3.5. Let D, D, R, Z, and mR be as in Proposition \3.4\ If 

(i) dimz mR/mjj > 2, 

(ii) the ground field F is infinite, and 

(iii) the integer x > 2, 

then the set Mod(_D,2;) is infinite. 

Proof. By Cohen's theorem, one can write 

R ^ Z[xi, . . . ,Xn] ^ Z[Xi, . . . ,X„]/if,{X)),, n>2, 

with every equation fj{X) G {Xi, . . . , Xnf' . Then R admits a quotient 

Ri ~ Z[xuX2\ = Z[Xi,X2]/{XlXiX2,Xl). 

Put Di :— D ®R which is a quotient of D. The inflation operation gives the 
inclusion map Mod(Di,x) C Mod(£',x). Therefore, it suffices to show that the 
set Mod(I?i,x) is infinite. We shall construct infinitely many non-isomorphic Di- 
modules M in Mod(£'i, x). View as a I?i-module by infiation. For any element 
a G F, put 

Ma := Di/{xi + ax2) © D®''-'^ . 

It is clear that dinip Ma = [D : F]x and that the annihilator Ann(A/a) = Di{xi + 
ax2)- For a,b & F, if Ma — Mb then Ann(A/a) = Ann(Mb) and hence a — b. This 
shows that if is infinite then there are infinitely many non-isomorphic Di-modules 
in Mod(i5i,x). I 
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We refine our main theorem fTheorem l3.3p by Propositions l3.4l and l3.5l as follows. 

Theorem 3.6. Let A be a semi-simple F-algebra and B a simple F-algebra. Let 
Di, Di, Ri, Zi and P{A, B) be as above. 

(1) The orbit set O A. B is infinite if and only if there is an element {xi, Xt) £ 
P{A, B) such that 

(3.10) dim^; mRjm\. > 2 and Xi > 2 

for some i G {I, . . . ,t}. 

(2) Suppose the orbit set Oa,b is finite, that is, for every element [xi, . . . , Xt) £ 
P(j4, B), one has either dim^^ mfl,./m|j.. < 1 or Xi < 1 for all i G {1, . . . , i}. 
Then 

t 

\Oa,b\= Y[\Mod{D^,x^)\. 

{xi,...,Xt)ePiA,B) i=\ 



Moreover, 
(3.11) |Mod(A,a;,)l 



I 1 if Xi <l, 

\p{xi,ei) if Xi > 1 and dim^. mR./mj^. = 1 



where Ci is the smallest positive integer such that m^. — 0, and p{x,e) 
denotes of number of all partitions x = Ci + • • • + Cg of x with each part 
Ci < e. 

Note that the condition dim^^ m/j^/m^. > 2 in p.lOp can occur only when F is 
infinite. The general case where B is semi-simple can be reduced to the simple case 
as Theorem ISH by ([3^. 

As an immediate consequence of Theorem 13. 6[ the following result improves the 
main results of F. Pop and H. Pop in [S]. 

Corollary 3.7. Let A and B be semi-simple F-algebras. Assume that A or B is 
separable over F . Then the orbit set Oa,b is finite and \Oa,b\ — \P{^t 

We have defined the set P{A, B) when B is simple. When B is semi-simple, if 
we write B = nj=i i'^to simple factors, then the set P{A, B) is defined as 

r 

P{A,B) ■.= l[P{A,B,). 

4. Some applications 
In this section, we give a few applications of the results in the previous sections. 

4.1. Characteristic polynomials of central simple algebras. Let A be a 

(f.d.) central simple algebra over an arbitrary base field F. Let A = EndA(V^) = 
End„(A), where A is a central division algebra over F, F is a right A- vector space 
of dimension. For any element x G A = Mat„(A), the characteristic polynomial 
of X is defined to be the characteristic polynomial of the image of x in Matnd{F) 
under a map 

A^ A(S)F F ^Matnd{F), 
where F is an algebraic closure of F and d is the degree of A. This polynomial 
is independent of the choice of the isomorphism p and it is defined over F. We 
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call a monic polynomial of degree nd is a characteristic polynomial of A if it is the 
characteristic polynomial of some element in A. A natural question is to deter- 
mine whether a given polynomial is a characteristic polynomial of A. We have the 
following result. 

Theorem 4.1. Let f[t) G F[t] be a monic polynomial of degree nd and let f[t) = 
111=1 be the factorization into irreducible polynomials. Put Fi :— F[t]/ {pi{t)). 

Then f{t) is a characteristic polynomial of A if and only if for all i — \, . . . ,s, one 
has 

(a) a.i degpi{t) = Uid for some positive integer Ui, and 

(b) [F, : F] I n,-ciA(g,FF,). 

The idea of the proof is to reduce first the case where f{t) is a power of an 
irreducible polynomial. More precisely, one can show that f(t) is a characteristic 
polynomial if and only if 

(a) a.i degpi(t) = Uid for some positive integer n^, and 

(c) each Pi{t)°'^ is a characteristic polynomial of Mat„;(A). 

Then one can show that the condition (c) is equivalent to that the field extension 
Fi can be embedded into Mat„. (A). Then we use Theorem 1 2. 71 to show that this is 
equivalent to (b). The details can be found in [TT. 

We remark that when F is a non- Archimedean local field, the condition (b) can 
be replaced by the following simpler condition 

(d) degp,{t) I m gcd{d,deg pi{t)). 

This follows from the formula mvF.{A (^p Fi) = invi?(A)[i^i : F], where invi?(A) is 
the invariant of A. 

4.2. Endomorphism algebras of QM abelian surfaces. We can apply the em- 
bedding result to determine all possible endomorphism algebras of abelian surfaces 
with quaternion multiplication (QM). Let D be an indefinite quaternion division al- 
gebra over the field Q of rational numbers. It is interesting to find out all Q-algebras 
E containing D which appear as endomorphism algebras of abelian surfaces. In 
other words, we would like to know which endomorphism algebra appears in the 
Shimura curve X]j associated to the quaternion algebra D (and with additional 
data). Studying whether or not a semi-simple algebras over Q can appear as the 
endomorphism algebra of an abelian variety is a way to understand structures of 
abelian varieties. See Oort [3] for detail discussions and extensive information for 
this problem. 

Theorem 4.2. Let D be an indefinite quaternion division algebra over Q, and let 
A be an abelian surface over a field k with quaternion multiplication by D, i.e. an 
abelian surface together with a Q-algebra embedding l : D ^ E := End'^(j4) 
End(A) ®z Q- 

(1) Suppose that A is not simple. Then A is isogenous to for an elliptic 
curve C and the algebra E is isomorphic to one of the following 

(i) Mat2(i^), where K is any imaginary quadratic field which splits D, or 

(ii) Mat2(13p,oo); where -Dp, oo is the quaternion algebra over Q ramified 
exactly at {p, cx)}. This occurs if and only if C is a supersingular 
elliptic curve over the base field k D Fp2 . 

(2) Suppose that A is simple. Then 
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(i) S ~ D, or 

(ii) E ~ Dx '.= D (g)Q K for some imaginary quadratic field K . In this 
case, the abelian surface A is in characteristic p > for some prime 
p and it is supersingular. 

The algebra D (the case (2) (i)) can occur as we can take a generic complex 
abelian surface with QM by D. Recall that an abelian variety in characteristic 
p > is said to be supersingular if it is isogenous to a product of supersingular 
elliptic curves over a finite field extension. The case (ii) of Theorem 11.11 (2) can 
occur only when the quaternion algebra D satisfies certain conditions. In this case, 
the algebra E is determined by its center K, and there are only a finite list of 
possibilities for such K. More precisely, we have the following result. 

Theorem 4.3. Let A be a simple supersingular abelian surface over a finite field 
¥q of characteristic p > with quaternion multiplication by D. Let E := End°(A) 
and S be the discriminant of D. Then 

(1) The center K of E is isomorphic to Q(Cn) for n = 3,4, or 6. 

(2) p \ S and p = 1 (mod n), where n is as above, and for any other prime 
i I S, one has either £\n or i = —1 (mod n), that is, £ does not split in the 
quadratic field Q(Cn)- 

(3) D®Qif. 

Theorem 14.31 states that there are three possibilities for endomorphism algebras 
E of simple supersingular abelian surfaces over finite fields: E ~ D ®q Q(C?i) for 
n = 3, 4, 6. However, not all of them occur; it depends on the quaternion algebra 
D. The algebra D ®q Q(Cn) occurs if and only if there is exactly one prime p \ S 
such that p = I (mod n) . 

These results contribute (Theorems 14.21 and 14. 3p new cases to the problem of 
semi-simple algebras appearing as endomorphism algebras of abelian varieties as 
mentioned above (see Oort [3]). The proofs and details will be published elsewhere. 

In the last part of this section, we add some details to the local-global principle 
for embeddings of fields in simple algebras in Section [TJ 

4.3. Embeddings over global fields. We let the base field be a global field. 
Let A be a central simple algebra over F and let if be a finite field extension of F 
with k := [K : F] \ deg{A). Consider the local-global principle for embeddings of 
K in A. That is, if there exists an embedding of :— K ®f Fv in A„ :— A®p F^ 
for all places v G , does there exist an embedding of K in Al When K has the 
maximal degree, the answer is yes and this is a useful result. 
We use the following notations 

• A = EndA(T^), where A is the division part of A, and F is a finite right 
A-module of rank n. 

• k:=[K : F] and 6 := deg(A). 

• For any place v of F, denote by Fy the completion of F at v. Put 

Ky := K (g)Fy = Y[K^, Ay A(g)Fy, Ay^A(E>Fy:=: Mat^„ (Dy), 

where Dy is the division part of the central simple algebra A„ and Sy is the 
capacity of A„. 
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• kw := [Kw ■ Fy] and dy dcg{Dv), where w is a place of K over v. 

• A ®F K — Matc(A') and S' deg(A'), where A' is the division part of 
the central simple algebra A(E) K over K, and c is its capacity. One has 

(4.1) S = S'c. 

• For any place w of K, put 

Al A' ®K = Mi^ttjD'J, := deg(i?:„), 

where D'^ is the division part of the central simple algebra A^ and i^, is 
the local capacity of A' at w. 

• Cw ■= c{Dy (g)F„ Kyj), i.e. Dy (g)i?^ Kyj = Matc„(-D^). One has 

(4.2) dy = d^c^. 

It follows from inv(D^,) = inv(D^,)[if^, : Fy] (see [S^) that 

(4.3) Cia = (dy^kyy). 

• For each place v of F, write 

inv„(A) = ^ = = (a^, d„) = 1 and s„ = {ay,S). 

dy Sy dy 

One has, by the Grunwald-Wang theorem 

(4.4) S ^\cm{dy}y^v'' and (gcd{at,}„gyF , ^) = 1, 

where denotes the set of all places of F. 

• For each place w of if , write 

inv.,(A') = ^ = ^ = ^, (6'^, d'J = 1 and t„, = (6,„, 5'). 
One has 

(4.5) S' ^\cm{d'^}y,^v'< and (gcd{6™}^gvif , 5') = 1, 
where denotes the set of all places of K. 

Given K and A, we have, for each place u of F, 

• a tuple (fcuj)to|ii of positive integers, and 

• a rational number inv„(A) — a'^/dy 
satisfying the following conditions: 

(a) Y.w\v kw^k for all v e , 

(b) (i) dt, = 1 if V is a complex place, 

(ii) dy e {1, 2} if w is a real place, 

(iii) dy — 1 for almost all w, and 

(iv) (Global class field theory) one has 

We compute all other numerical invariants 5, Cw, d'^, S' and c as follows. 

(i) The (global) degree (5 of A can be computed by (|4.4I) . 

(ii) Then one computes the local capacity Cw of Dy and the (local) 
degree of D'^ by (|4.3p and (|4.2p . respectively. 
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(iii) Using (|4.5|) we compute the (global) degree 5' of A' and then compute the 
(global) capacity c of A ® if using (|4.ip . 

Theorem 12.71 states that HovapiK^A) ^ if and only if k \ nc. This provides a 
simple numerical criterion how to check when there is an embedding K ^ A. 

Now we analyze the obstruction to the corresponding local-global principle. Sim- 
ilar to p. 61) we define for each v € a finite set 

(4.6) Sv := £F^{Ky,Ay) ^ {{xn,)yj\^\ nsv }, 

w\v 

where C := kw/cw. 

Theorem 13.31 (also with Theorem 12.51 (2)] states that there is an isomorphism 

e„ : A^\Rom*p^{K^,A^) ^ 

If ifv € HomJ^^ {Kv, Av), then it gives to a decomposition of non-zero D^-submodules 

'w\v 

with the property kyj\nfjuCw or equivalently tyj\nyj. Then ei,([(/9i,]) is given by the 
formula 

(4.7) e.(b.]) = f ^) . 

Let us suppose first that the set MompiK, A) of embeddings from K into A over F 
is non-empty. For any element Lp in Homj?(ii', A), let Lp^ G Hom^^ (iiT^ , ) be the 
extension of Lp by F^i-linearity, and let [-Pv] be its equivalence class. Then one gets 
an element x^ G £y by 

X^ . C^([(^^;]) (X^)^l^. 

Simple computation shows that 

(4.8) yiw ■■= dim£)^ W^/C = nSvCw/k, 

which is a positive integer. 

Without knowing Homi?(if, A) is non-empty, we still define an element Xu, G Q 
for each w G by (|4.8I) . Let x^, be the image of x^, in Q/Z. We associate to the 
pair [K, A) an element 

X := (x^)^ev'^ G Q/Z. 

The vanishing of the class x is an obstruction for the set Homi?(_ft', A) be non-empty. 
Moreover, the following result states that this is the only obstruction. 

Theorem 4.4. Notations as above. We have 

nom*p{K, A)^% ^ X = 0. 

Proof. See [i Theorem 3.6]. | 
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4.4. Construction of examples. For a central simple algebra A over a global 
field F and a finite field extension K over F, we say that the Hasse principle for 
the pair {K, A) holds if one has the equivalence of the conditions 

Hom>(X,A)^0 ^ HomJ,^(K„,A„) 7^ 0, Vw G 1/^. 

In this subsection we shall construct a family of examples (K, A) so that the Hasse 
principle for {K, A) fails. 

Lemma 4.5. Let S be a finite set of places of a global field F. Let Ly, for each 
V d S, be any etale Fy -algebra of the same degree [Ly : Fy] = d. Then there exists 
a finite separable field extension K of F of degree d such that K ®f Fy c:i Ly for 
all V E S . 

Proof. This follows from the Hilbert irreducibility theorem and Krasner's lemma; 
also see a proof in [TOJ Lemma 3.2]. | 

Let K be any finite separable field extension of F of degree k = [K : F] > 1, 
and let <5 be a positive integer with more than one prime divisors and divisible by 
k. Write 6 = p"^ . . .p"'', r >2 and n; > 1, where each pi is a prime number. 

Assume that k < S/p^^ for all i. We claim that there is a central division algebra 
A over F of degree S so that the Hasse principle for the pair (K, A) fails. 

Choose 2r places vi,v[, . . . ,Vr,v[. of F which split completely in K. One has 
(4.9) 

fc fe 

-ft^l', = ]^ , Kyy^^~Fy^, 'ATid K y', ^ K y,'^ , , K y,>^, Fy', , Vi. 

i=i j=i 
Choose a central division algebra A over F with following local invariants: 

• invi,; (A) = — inv„' (A) = for i = 1, . . . , r, and 

• inVi,(A) = for other places v. 

Then A has degree 5. For all i, we have 

(4.10) Sy, = Syl, = Cy,,^ = 1, X^,,^- = Syjk, £yj,. = 1, 

and 

£v^ - = I (xj) e ^ X, = sy^ I . 

Since k < Sy- , the sets £y- and £y' are non-empty; the remaining sets £y for unrani- 
ified places v are also non-empty due to k\6. 

Suppose that the Hasse principle for {K, A) holds, then one has Xyj^. € N for all 
i by Theorem 14.41 This implies that fc = 1 as gcd{si,;}i = 1, a contradiction. 
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